
The Potential and Actual Infinite
Columbia Philosophy, Spring 2017

Time: W 12:10-2:00, Room: Hamilton 411

Course Description: This description is finite, but it could be indefinitely extended: one could write a
program that generates new sentences of this description forever. Further, one could associate with each
sentence a counting number (e.g. 1, 2, 3, 4, ...) so that eventually for every counting number there would be
a sentence of the description that it is associated with. One could not, however, do the same with decimal
numbers (e.g. 1.01, 2.121, 3.7732), because there are just too many of them. How can that be, when both
the counting numbers and the decimal numbers are infinite?

This course examines the concept of infinity throughout the history of western philosophy, looking at
how the puzzles that surround the concept, like the one above, led to the construction and defense of many
different philosophical positions on the infinite. In particular, we will examine how many different historical
figures have attempted (in many different ways) to draw a distinction between what is potentially infinite and
what is actually infinite, and further, how this distinction is used in attempts to solve puzzles of the infinite.
We move chronologically, starting with Zeno and Aristotle, through the invention of calculi of infinitesimals,
to the development of set theory, model theory, and modern mathematical logic. We will also use the tools
we develop in our historical investigation to address modern discussions in philosophy about the infinite,
such as the debates about supertasks and the limitations of computation. This course has no prerequisites
(although having taken Symbolic Logic may be useful), and it serves well as an introduction to philosophy
of mathematics because of its chronological presentation. It also intersects with a wide range of topics in
other fields, such as mathematics, logic, physics, computer science, religion, and artificial intelligence, which
should make it of interest even to those who may not have a strong formal background.

Instructor: Robby Finley, jrf2162@columbia.edu

Office Hours: 2-3pm, Friday in Phil 722 and by appointment. Please do not hesitate to come to office
hours or schedule a meeting if you have any questions about course material, assigned questions, or returned
work.

Email Policy: Please feel free to email me with any questions you might have or to schedule meetings. I
will do my utmost to respond within 24 hours, although it may take me longer on weekends. If a response
to a question is too long, or would be best expressed in person, I may put off your question until we can
meet. On your side, email is an official means of communication at Columbia, and I expect students to read
emails and respond when asked. It is not a valid excuse to say, after a sufficient amount of time has passed,
that one has not seen an email expressing class information.

Learning Objectives: Students can expect to learn the following:

1. By the end of this course, students will know and be able to articulate several different positions on
the potential and actual infinite, the philosophical motivations for those positions, and the interaction
between those positions and the relevant mathematics. Further, students will be able to explain how the
concept of infinity connects with areas of interests in other fields, such as logic, physics, computer science,
religion, and artificial intelligence.

2. Students will have a strong grasp on general issues in philosophy of mathematics, and they will be able
to explain how those issues are of interest not only to those within philosophy, but also to those in other
fields and even outside of academia.

3. Students will develop their abilities to read and analyze primary philosophical texts and secondary in-
terpretations of those texts. They will also develop their more general skills in critiquing and crafting
arguments, both in writing and in discussion, and their ability to present ideas simply and clearly, espe-
cially in domains where the content is sophisticated and potentially very confusing.

4. Students will practice their skills in discussion and giving peer feedback via a respectful and thoughtful
collaborative environment they help create through online posts and assignments throughout the semester.
They will walk away with a sense of how to approach philosophy collaboratively, rather than in isolation.
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Textbooks: There are no required textbooks for this class, and all readings will be made available to you
on NotaBene (nb.mit.edu). I will be providing you all with a link to the material for our class, and I will
show you how to use NotaBene during our first meeting. Providing the texts on NotaBene allows you to
post questions directly onto the text, which I will do my best to answer in a timely manner, and which you
should feel free to answer and comment upon as well. This is especially useful for this class, where some
notation or mathematical formalism may be unfamiliar to some of you, but familiar to others. Please feel
completely free to post on the documents whenever a question arises - if you have a question, I guarantee
others do as well.

We will also be reading Logicomix: An Epic Search for Truth by Doxiadis and Papadimitrioum, which is
a graphic novel. This is not a required purchase, and a copy will be kept on reserve in the library, but I do
recommend buying a copy because it is a fun book to own and not too expensive.

Requirements:

1. Weekly and timely attendance (no more than one absence allowed), and participation in discussion that
reflects thoughtful reading. If you must miss a class, please email me in advance with the relevant
documentation. (15%)

2. Required weekly response posts on a separate forum (link on courseworks), showing a clear grasp of the
material and a genuine attempt to grapple with the content of the week’s assigned readings. (20%)

3. Three short assignments, due at the dates listed below (11.66% each, 35% total)
4. One 10-12 page essay, due during finals week (5% for outline, 25% for final paper, 30% total)

Weekly Posts: Each week I will provide a set of questions to help guide your reading of the text, and
you will be expected to write a short response post either: (i) in response to one of those questions or (ii)
in response to another student’s response. These responses should be kept short - about 250 words, or 1-2
paragraphs. If another student has made a post responding to the same question you are interested in, you
should seriously consider taking into account what they have said and responding at least in part, rather
than posting your own thoughts independently. Your response post will be due by 9pm the day before the
class, although I heavily encourage you to write before then, so that you have a better chance of interacting
with each other. If you find outside articles or references to our topics, this would also be an appropriate
place to share this link with your classmates.

The weekly posts are intended to help you prepare for seminar, but perhaps more importantly they are
intended to be a low-stakes opportunity for you to develop your ability to discuss and write about philosophy,
especially about complicated concepts and arguments that appear in the texts we will be reading. As such,
they will be graded based on participation and effort, and they will not be marked based on conventions
usually associated with philosophical writing. One should feel free to write as you speak, attempting to make
what you want to say as clear as possible, as if you were explaining your ideas to someone outside of the
class or philosophy in general. They are also intended to be an opportunity for you to interact with your
peers and to develop skills in argumentation and discussion, so one should absolutely feel free to follow up
on someone else’s post for the week or provide questions about other posts.

Short Assignments: The short assignments will be composed of two parts: (i) a series of mathematical
exercises, intended to help you understand, through practice, the relevant mathematical examples we will be
covering in seminar, and (ii) a short double-spaced, one to two page response about the connection between
the mathematics used in the exercises and the philosophical positions we have discussed in seminar. Each
such short exercise will be given to you a week before it is due, at the end of seminar. It will be due at the
beginning of the following seminar. I encourage students to work together for the first part of the exercises,
as collaboration can only help when approaching mathematical exercises, but please write up the solutions
and the second part of the exercises on your own.

More details on the assignments will be given in the relevant seminar (since they would be mostly confusing
at this point), but very roughly they will focus on the following issues: (I) Short Exercise 1: The method of
exhaustion and Aristotle’s view on potential infinity, (II) Short Exercise 2: The calculus of infinitesimals and
Berkeley’s critique, and (III) Short Exercise 3: The paradoxes of set theory and the response of formalists
and intuitionists. For the first exercise, we will do practice exercises in lecture to give you a feel for how
answers look, and we will discuss the topic for part (ii) so that you can have an idea of how the essay should
be structured. More details will be given in week 3.
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Final Paper: The final 10-12 page paper will be on a topic of your choice, investigating a question or
providing interpretation of a figure we have discussed. It serves as an opportunity for you to really go into
depth on an issue that has interested you during the semester. Every student is required to meet with me
to discuss his or her initial ideas and interests at some point between the 9th and 10th weeks, and a sign-up
sheet will be passed out during seminar in week 9. I am also happy to suggest topics during this meeting
or to help you further pin down and clarify your interests. Each student will then have a follow-up meeting
with me between weeks 12 and 13. In week 13, you will turn in a short outline of your paper to me in
seminar, so that I may put you in groups of 3 based on interests. At the end of class in week 14, we will
break into those groups in order to discuss your outlines and ideas, and so that you may provide feedback
and guidance to each other in class and throughout the finals period. The final paper will be due on
the final day of reading period, Thursday, May 4th.

Grade Guidelines and Late Policy: All short assignments should be handed in to me in seminar. The
final paper should be emailed to me by 5pm on the date listed. You must contact me before the deadline
if you want to petition for an extension. Extensions will be granted only in exceptional circumstances. A
single grade will be deducted for each day that the essay is late (for example, B+ to B). If you believe that
you received the wrong grade, take twenty-four hours to read over your work and my comments before you
contact me. The below guidelines indicate my expectations for each grade range:

Grade Expectations

A An A paper has a clear and innovative thesis that displays a deep understanding of the material.
The content of the paper itself demonstrates mastery of the source material, and offers a well-
organized argument in support of the main thesis. No key terms are left undefined. The writing
is precise, detailed, and accessible, with few to no spelling or grammatical errors.

Short Assignments: Answers to exercises are correct and thorough, with detailed explanations
and clear proofs. All necessary (but no unnecessary) work is shown, revealing a clear under-
standing of the relevant mathematical material. Highly interesting and important connections
to the mathematics are defended in the writing portion.

A- An A- paper offers a clear and thoughtful thesis, even if it may not be entirely innovative. It
demonstrates good understanding of the source material and is well-organized. The premises
support the thesis, and most of the key terms are defined. The writing is for the most part clear
and does not stray from the main point, with few to no spelling or grammatical errors.

Short Assignments: Answers to exercises are mostly correct, with clear proofs and explanations
that may have minor mistakes that do not undermine the final answer. All work is shown,
revealing a strong understanding of the relevant mathematical material, but possibly with some
unnecessary detours or inelegant proofs. The key connections to the mathematics are laid out
and elaborated upon in the writing portion.

B+ A B+ paper has a clear thesis, but the thesis could be either better motivated or better de-
fended. It demonstrates good understanding of the source material, but offers more summary
than analysis. A common error at this level is to heavily quote text rather than paraphrase and
to fail to give sufficient explanation of quotes given. The writing is for the most part clear, and
most of the key terms are defined, but some transitions or changes to the organization would
strengthen the paper.

Short Assignments: A few wrong answers to the exercises, but the majority are correct with
proofs and explanations that are on the right track but may be underdeveloped or may incorrectly
use notation or key concepts. Most work is shown, but the presentation could be made more
precise and clear. Most of the important connections to the mathematics are noted, but not
elaborated upon or could be made more precise.
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Grade Expectations

B A B paper has an element that appears to be a thesis but the thesis is not clearly stated. The
paper includes more summary than analysis and argument. It, for the most part, accurately
describes the texts, but it does so in a superficial way or offers a straw man account. The writing
is at times confusing and key terms are not always defined.

Short Assignments: Exercises may have incorrect answers, but the proofs and explanations show
that the student is on the right track but may have failed to understand some part of the material
that led to mistakes. Little work is shown, or the work that is shown is presented sloppily or
misuses key concepts and tools. Some important connections to the mathematics are noted, but
not elaborated upon or could be made more precise.

B- A B- paper lacks a clear thesis and is not well-organized. It demonstrates some understanding
of the texts, but includes significant errors. The argument offered is poorly organized and key
terms are often undefined. The writing is often confusing or includes significant spelling and
grammatical errors that detract from the clarity of the paper.

Short Assignments: Exercises are mostly incorrect, revealing confusion about the main concepts
and tools that are intended to be covered. Little to no work is shown, or it is not clear that the
work that is shown is connected to the answer given. The connections to the mathematics listed
are unclear and incorrect, with elaborations that are not sufficiently connected to the position
laid out.

C+ A C+ paper offers little to no argument and is purely descriptive. There is no thesis, and the
paper shows a simplistic understanding of the texts. The writing is poorly organized, often
confusing, and includes significant spelling and grammatical errors that detract from the clarity
of the paper. It is apparent that an insufficient amount of time has been dedicated to the
material.

Short Assignments: Exercises are mostly incorrect, revealing deep confusion about the main
concepts and tools, often with answers that are not even of the right type to be offered to the
questions asked. No work is shown, or it is not possible to make sense of the work that is
shown. The connections to the mathematics are not listed, or the mathematical material is just
redescribed without independent thought about the philosophical connections.

C A C paper shows some effort, but demonstrates poor understanding of the texts and an insufficient
amount of effort. There is no thesis and the writing is confusing, often with heavy structural
and grammatical problems.

Short Assignments: Not all exercises are completed, and the ones that are show deep confusion
about the material. No work is shown, or it is not possible to make sense of the work that is
shown. The connections to the mathematics are not listed, or the explanations given show a
clear lack of effort.

C- A C- paper shows little to no effort, as demonstrated through frequent errors, lack of clarity, and
little to no understanding of the texts.

Short Assignments: Exercises are incomplete and show no work. It is unclear that there is
understanding of any of the material. A grade of C- or below requires a meeting with me.
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Provisional Course Outline: What follows is a projected outline of the readings. Readings will likely
change slightly due to time limitations and student interest, although the topics themselves should stay
the same. Selected passages to concentrate on and the response post questions (which may require some
very short additional readings) will be announced in each seminar. Items with asterisks are optional, but
recommended if you find the topic interesting or are considering it for your final paper.

Week 1 (1/18) Introduction and Puzzles of the Infinite:

General introduction to problems that arise from the concept of infinity (framed through Zeno),
ways of classifying and separating those problems, introduction to the structure of the course.

Read: (i)“The Eleatic Hangover Cure,” Josh Parsons, *(ii) Selected Fragments of/on Zeno
(available on Courseworks), focus on: (29A11, A12) Parmenides 127B-128D, Plato, (B2) Com-
mentary 139.11-15, Simplicius, (A25) Physics 239b9-13, 263a5-6, Aristotle, (A26) Physics
239b14-20, Aristotle, (A27) Physics 239b5-7, 239b30-33, Aristotle, (A28) Physics 239b33-
240a17, Aristotle.

Listen: *Philosophy Bites Podcast interview with Adrian Moore, click here

Week 2 (1/25) Aristotle, Potential Infinity, and Greek Mathematics:

Aristotle’ s response to Zeno, rough outline of relevant parts of Aristotle’s more broad view in
philosophy of mathematics and physics, overview of the relevant Greek mathematics.

Read: (i) Physics 200b12-25, 202b30-208a23, Aristotle, (ii)Metaphysics 1048a25-b34, Aristo-
tle, (iii) Intro to Euclisd XII, Heath, (iv) Euclid XII.2, Heath Translation, *(v) Section on
Eudoxus from A History of Greek Mathematics, pp.322-335, Heath, *(vi)“Infinity and Conti-
nuity: The Interaction of Mathematics and Philosophy in Antiquity,” Wilbur Knorr

Week 3 (2/1) Understanding Aristotle on Infinity:

Context of the secondary literature on Aristotle, mapping out options for interpretation, views
on how how the infinite can be potential and not actual (for Aristotle).

Read: (i) “Aristotelian Infinity,” Jaako Hintikka, (ii) “Aristotelian Infinity,” Jonathan Lear,
*(iii) Notes on the Secondary Literature (on NB later)

First Short Assignment Handed Out

Week 4 (2/8) Medieval Views of the Infinite:

How arguments about the infinite change in the medieval period, the connection between God
and logical possibility, a rough outline of the different positions with respect to the potential
and actual infinite and the infinite divisibility of an extended magnitude.

Read: (i) “Infinity and Continuity,” John E. Murdoch, (ii) Selections from Ordinary Questions,
Henry of Harclay: Question XXIX, (1-31, 40-54, 67-77, 120-126), *(iii) “Mathematics and
Infinity in the Later Middle Ages,” John E. Murdoch

First Short Assignment Due
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Week 5 (2/15) The Infinite and Religion:

Metaphysical (rather than mathematical) interpretations of infinity, the connection between
the infinite and the concept of God in western religion, how and why to separate this aspect of
the infinite from what we have previously explored and what we will explore in the future.

Read: (i) “God and Infinity,” Graham Oppy, (ii) “Infinity in Theology and Mathematics,” Jill
Le Blanc

Week 6 (2/22) The Development of the Calculus of Infinitesimals:

Use of infinitesimals in calculations that do not meet the standards of the method of exhaustion,
appearance of pragmatic justifications for use of mathematical theories, connection to earlier
discussions of potential and actual infinity.

Read: (i) “Cavalieri’s Geometry of Indivisibles and Guldin’s Center’s of Gravity,” in Philosophy
of Mathematics and Mathematical Practice in the Seventeenth Century, Paolo Mancosu, and
(ii) “Mathematical Explanation: Why it Matters,” Paolo Mancosu

Week 7 (3/1) The Calculus and Reactions:

The appearance of calculus, concerns about its foundations and the use of infinitesimals, short
discussion of the resolution of the difficulties via analysis and more generally the connection to
potential/actual infinities.

Read: (i) Rigor and Structure Ch.1, John Burgess, (ii) “The Infinitesimal Calculus,” Jourdain
(iii) selection from The Analyst, or a Discourse addressed to an Infidel Mathematician, Berkeley.

Watch: (i) Ghosts of Departed Quantities, Raymond Flood, click here (ii)*The Birth of Cal-
culus BBC Documentary, click here

Second Short Assignment Handed Out

Week 8 (3/8) The Development of Set Theory:

Introduction to Cantorian set theory, relation of set theory to the infinite, Cantor’s contributions
to its development, early problems in set theory and Cantor’s suggested solutions.

Read: (i) Selection from “Foundations of a General Theory of Manifolds,” Georg Cantor, (ii)
“Letter to Dedekind (1899),” Georg Cantor, (iii) Selection from “Contributions to the Founding
of the Theory of Transfinite Numbers,” Georg Cantor, (iv) “Cantor’s Philosophy of the Infinite,”
Joseph Dauben, in Georg Cantor: His Mathematics and Philosophy of the Infinite, pp.120-148

Second Short Assignment Due

Week 9 (3/22) The Foundational Crisis in Mathematics (Overview):

Paradoxes of set theory, general overview of the types of reactions to the crisis (with a focus
on logicism), shortcomings and advancements of logicist projects.

Read: (i) “The Crisis in the Foundations of Mathematics,” by Jose Ferreiros, (ii) “Mathemat-
ical Logic based on a Theory of Types,” Bertrand Russell, (iii) “The Logicist Foundations of
Mathematics,” Rudolf Carnap

Explore: Logicomix: An Epic Search for Truth, Doxiadis and Papadimitriou

Schedule a Meeting With Me to Discuss Interests for Final Paper
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Week 10 (3/29) Hilbert on Potential Infinity and Formalism:

Hilbert’s finitism and account of potential infinity, the formalist view of the foundations of
mathematics, comparison to other accounts of potential infinity.

Read: (i) “On the Foundations of Logic and Arithmetic,” Hilbert, (ii)“On the Infinite,”
Hilbert, *(iii) “The Formalist Foundations of Mathematics,” Johann von Neumann

Week 11 (4/5) Intuitionism and Constructive Mathematics:

The development of intuitionism and the intuitionistic view of the infinite, differences from
Hilbert’s finitism and foundations, general discussion of the role and special status of con-
structive proof.

Read: (i)“Intuitionism and Formalism” Luitzen Egbertus Jan Brouwer, (ii)“Disputation,”
Arend Heyting, *(iii) “The Intuitionist Foundations of Mathematics,” Arend Heyting

Third Short Assignment Handed Out

Week 12 (4/12) Lowenheim-Skolem Results and the Debate Over the Language for Math-
ematics:

Brief Presentation of Lowenheim-Skolem Results, application of the results to the debates
about set theory and the infinite, the role played by the results in the historical development
of mathematical logic, model theory, and philosophy of mathematics.

Read: (i)“The Emergence of First-order Logic,” Gregory Moore, (ii)“Skolem and the
Lowenheim-Skolem Theorem: A Case Study of the Philosophical Significance of Mathematical
Results”, Alexander George, *(iii)“Logic-combinatorial Investigations in the Satisfiability or
Provability of Mathematical Propositions: A Simplified Proof of a theorem by L. Lowenheim
and Generalizations of the Theorem,” Thoralf Skolem, *(iv)“The Foundations of Elementary
Arithmetic Established by Means of the Recursive Mode of Thought, Without the Use of
Apparent Variables Ranging over Infinite Domains,” Thoralf Skolem

Third Short Assignment Due

Schedule a Meeting with me to Discuss Final Paper Outline

Week 13 (4/19) Infinity, Computation, and Thought:

Brief review of incompleteness results, discussion of how these results connect up to compu-
tation and the limitations of computers and AI, connection to discussions in foundations of
mathematics from previous weeks, discussion about general philosophical lessons.

Read: (i) “What Computer’s Can’t Do,” Geoffrey Hunter, (ii) “Can a Turing Machine Know
that the Gödel Sentence is True?,” Storrs McCall, (iii) “What Gödel’s Incompleteness Result
Does and Does Not Show,” Haim Gaifman

Listen: The Philosopher’s Zone: Kurt Gödel and the limits of mathematics.

Final Paper Outline Due
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Week 14 (4/26) Tasks and Supertasks:

Does it even make sense to say that one could complete an infinite number of tasks?, views
on this issue in the supertask debate, relation of the modern debate to our investigation into
potential and actual infinity.

Read: (i) “Achilles and the Tortoise,” Max Black, (ii) “Tasks and Supertasks,” J. F. Thom-
son, (iii) “Tasks, Supertasks, and the Modern Eleatics,” Paul Benacerraf

Small Group Discussions on Final Paper

Digital Devices: Since the readings are made available online on NotaBene, computers and digital devices
are allowed in the classroom. This class is for you and your development as a student and philosopher, so
please make the most of it by not using your digital devices for purposes other than reviewing the readings
and taking notes in class.

Faculty Statement on Disability Accommodation: If you are a student with a disability and have a
DS-certified ‘Accommodation Letter’ please come to my office hours to confirm your accommodation needs.
If you believe that you might have a disability that requires accommodation, you should contact Disability
Services at 212-854-2388 and disability@columbia.edu

Faculty Statement on Academic Integrity: Please recall that you are expected, in your academic work,
to conform to Columbia Universitys policies on academic integrity. It is your responsibility to familiarize
yourself with, and to abide by, these policies. Academic dishonesty is a serious offense that can lead to
disciplinary action, including failure in the course and suspension, or even expulsion, from the University.
For more information please consult the following website:
http://www.college.columbia.edu/academics/academicintegrity
Please also see:
https://www.college.columbia.edu/ccschonorcode
In accordance with the honor code, you will be asked to affirm your adherence to the code for each piece of
work that you submit for the course.

University Resources:

1. Office for Counseling and Psychological Services:
https://health.columbia.edu/counseling-and-psychological-services
In addition to providing individual counseling appointments, CCPS also offers workshops on topics like
procrastination! College can be overwhelming at times. Don’t hesitate to take advantage of the many
resources and support systems available to you on campus.

2. Columbia Writing Center:
Columbia’s Writing Center is open from 10-8 Monday through Thursday, 10-5 on Fridays, and 12-8
on Sundays. The Writing Center is located in 310 Philosophy Hall, and you can make appointments at:
https://columbia.mywconline.net/index.php. Though the writing consultants do not necessarily have any
background in philosophy, they can help you talk through your ideas and identify strategies for making
your papers clearer and better organized.

3. Resources about Reading and Writing Philosophy : UNC Chapel Hill’s Writing Center has a great website
with information about writing philosophy. It gives a good list of questions to think about while reading
philosophy and identifying the arguments in a philosophical text, as well as a good list of questions to
ask yourself as you are writing your philosophy papers.
Heres the link: http://writingcenter.unc.edu/handouts/philosophy/
Jim Pryor, a philosopher at MIT, put together two great resources to help those relatively new to the
field become more comfortable at reading and writing philosophy. Here are the links:
http://www.jimpryor.net/teaching/guidelines/writing.html
http://www.jimpryor.net/teaching/guidelines/reading.html
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